Abstract. A thin elastic multilayered plate consisting of alternating hard and soft isotropic layers is studied. One of the face planes is subject to a normal pressure and the other face plane is free. A formula for the deflection of an infinite plate under a doubly periodic external force is delivered using asymptotic expansions. This formula is also applied for a rectangular plate with Navier boundary conditions on its edges. The maximal deflection is accepted as a measure of the plate stiffness. The purpose of the present paper is to obtain an expression for the plate deflection and find an optimal distribution of hard and soft layers assuming that their total thicknesses are given. The Monte Carlo method is used for finding the optimal distribution of layers.

INTRODUCTION
The 2D classical equation for a plate was obtained by Sophie Germain in 1808 with the purpose of explaining Chladni figures. The equation of a plate bending can be obtained on the basis of the Kirchhoff-Love (KL) hypotheses [1, 2] . The more involved and sometimes more exact equation, which takes into account the transversal shear, follows from the TimoshenkoReissner (TR) hypotheses [3, 4] .
The 2D models of plates and shells are chiefly based on the 3D equations of the theory of elasticity. The methods of unknown functions expansions in series of Legendre polynomials in the thickness direction were used in [5, 6] . Numerous investigations [7] [8] [9] were devoted to the derivation of 2D equations by using asymptotic expansions in power series in the small parameter µ = h/L, which is equal to the dimensionless plate thickness (h and L are, respectively, the thickness and the typical wave length in the tangential directions). A different approach [10, 11] rests on the direct derivation of 2D equations of plates and shells without referring to a 3D media. An account of general problems of the plates theory may be found in the books [12] [13] [14] .
The present paper is concerned with a thin plate of constant thickness made of a linearly elastic material that is transversally isotropic and heterogeneous in the thickness direction. For a transversally isotropic material the accepted simplification [15] , for which a 3D system of sixth order of the theory of elasticity splits into systems of second and fourth orders, is possible. Asymptotic expansions in powers of the small thickness parameter µ are constructed, the bending equation of second-order accuracy (the SA model) is obtained. The origin of this paper is the paper [16] , in which an isotropic homogeneous plate is studied, and the paper [8] , in which a heterogeneous plate is briefly examined. For a multi-layer plate with alternating hard and soft layers, an explicit formula based on the SA model for the maximum deflection is delivered. The results of the SA model are compared with the KL classical model and also with the exact numerical solution. The ratio η = E 2 /E 1 of the soft and hard Young moduli changes in a very wide range (0.0001 ≤ η ≤ 1).
The aforementioned formula is obtained for an infinite in the tangential directions plate subject to a doubly periodic external load. After employing the Fourier expansions this formula is applied to a rectangular plate with the Navier boundary conditions. For a multi-layer plate with alternating hard and soft layers, the distribution of layer thicknesses, which gives the maximum bending stiffness, is found. Here it is assumed that the summary thicknesses of the hard and of the soft layers are given. This problem is attacked by the Monte Carlo method. For a very small ratio η of elastic moduli, the three-layer plate with the soft layer lying between two hard layers was found not to be optimal. In this case, the plate with the maximum bending stiffness is multi-layered one with the number of layers n > 3.
EQUILIBRIUM EQUATIONS AND THEIR SIMPLIFICATION
Consider the linear bending problem of a thin plate made of a transversally isotropic heterogeneous material. The 3D equilibrium equations are
where x j are the Cartesian coordinates, f i are the projections of the external load intensity, the summation being carried out over repeating subscripts.
The stresses σ ij are related to the strains ε ij as follows: 
Here, E 11 = E 12 + 2G 12 , u i are deflections. The elastic moduli E ij , G ij are independent of the tangential coordinates x 1 , x 2 , but they may depend on the transversal coordinate x 3 = z. For functionally gradient materials the moduli are continuous functions in z, and for multi-layered plates they are piecewise continuous functions.
For an isotropic material
where E and ν are the Young's modulus and the Poisson ratio, respectively. We set the homogeneous boundary conditions on the face planes z = 0 and z = h
If the surface forces are given, then they are included in the body forces by using the Dirac delta-function.
Introduce new unknown functions u, v, σ, τ as
For a transversally isotropic material the system (1), (2) is split into two subsystems [15] :
with
System (6) of the second differential order in z describes the boundary layer and will not be studied here.
The fourth order system (7) describes the plate bending. The 2D plate model is obtained here by using asymptotic expansions in powers of the small parameter µ = h/L [8, 17] .
We introduce the dimensionless variables (denoted with hats)
and rewrite system (7) in the dimensionless form
Here, L is the typical value of the wave length in the tangential directions, and E * is the average value of the modulus E 0 . The dimensionless coefficients c 0 , c ν , c g , c 3 are the given functions of z. From the boundary conditions (4) we get
In what follows, the hat sign will be omitted.
ASYMPTOTIC SOLUTION OF THE BOUNDARY VALUE PROBLEM (9), (11)
Assume that the dimensionless external forces f 3 , m are of the order of unity. Then the orders of the unknown functions are
The right-hand sides of Eqs. (9) are small, and the method of iterations [10, 18] is used. To construct the solution of second-order accuracy we seek it as
The arbitrary functions w 0 (x 1 , x 2 ) and u 0 (x 1 , x 2 ) appear after the integration in z of the first two equations (9) . These functions are found from the compatibility conditions of the remaining two equations (9) and the boundary conditions (11) [17]
In the zero approximation we get
where z = a is the position of the plate neutral layer, D is the bending stiffness of a plate with the variable elastic moduli, F 3 is the full transversal force. The equation D∆ 2 w 0 = F 3 corresponds to the classical KL model.
In the second approximation the solution is more unwieldy. Here, we give only the function w 2 , which depends on z. At z = 0 it satisfies the equation
where
The full deflection of the reference plane z = 0 satisfies the equation
in which the coefficients D and A depend of the elastic moduli distribution in the plate thickness, the summands L(∆f 3 ) and M depend on the distribution of external transversal and tangential loads, respectively. The summands A g and A ν take into account the transversal shear and the Poisson's strains, respectively.
The full deflection w(z) of the arbitrary plane z is expressed through w(0) as
MULTILAYERED PLATE UNDER A NORMAL PRESSURE
Consider a multi-layered plate with hard and soft isotropic homogeneous layers under a normal pressure F 3 acting on the plane z = 0. In this case, in Eq. (18) L(∆f 3 ) = ⟨c ν (a − z)⟩ ∆F 3 and M = 0, and so Eq. (18) assumes the form
If the plate is homogeneous one-layered, then the elastic moduli c 0 , c g , c ν are constant, and so the integrals in (17) can be taken, and so in Eq. (20) we have
Using the neutral plane z = 1/2 as a reference one due to Eq. (19) we get
This value A 2 was obtained in [16] and was repeated in [8] .
Consider a plate of thickness h consisting of n = 2n 0 + 1 homogeneous isotropic layers of thickness
be the Young's moduli and the Poisson ratios of hard layers with odd numbers and of soft layers with even numbers, respectively. We set
The elastic moduli are known to be piecewise functions in z, and so we put
, k is odd,
Calculating the integrals in Eqs. (15) and (17) we find the coordinate z = a of the neutral layer, the bending stiffness D according to the KL model, and the coefficients A g and A ν in Eqs. (17) as follows:
Here, (e → c) means that the similar formulae also hold for the moduli c k . Assume, at first, that the plate is infinite (−∞ < x 1 , x 2 < ∞), and consider a doubly periodic normal pressure F 3 = F 0 3 sin r 1 x 1 sin r 2 x 2 . Then the deflection W (x 1 , x 2 , z) = W (z) sin r 1 x 1 sin r 2 x 2 is also doubly periodic. We rewrite Eq. (20) as
and the coefficients D, A ν , A g are given in Eqs. (25).
In the dimensionless form (with hats)
Equation (27) gives the deflection of the second-order accuracy (SA)
where w KL is the deflection in the KL model. A comparison of the expressions µ = rh and µ = h/L leads to the conclusion that in this problem the typical wave length L should be taken as
To discuss the errors of the approximate expressions (30) for w KL and w(0) SA we require some numerical examples. We consider a multi-layered plate with n = 11 layers and h = 1,
. . ,6, for the hard layers, and h k = 2/15, E k = η, k = 2i, i = 1, . . . , 5, for the soft layers. Such a plate will be referred to as a plate with uniform thickness distribution. We take two values of the relative thickness parameter: µ = 0.3776 and µ = 0.2221. The ratio η = E 2 /E 1 of the elastic moduli will vary in the range 0.0001 ≤ η ≤ 1. We compare the approximate values (30) with the exact value w e found by numerical solution of Eqs. (9) . The results are given in Table 1 . Columns 2-4 correspond to µ = 0.3776, and columns 5-7, to µ = 0.2221. The relative error of the KL and SA models is found by comparing the results in columns 3,4,6,7 with one. The exactness of the KL model is of first asymptotical order with respect to µ, and it is acceptable for applications only for 0.1 ≤ η ≤ 1. The SA model of second asymptotical order may be used in the very wide range 0.001 ≤ η ≤ 1. For 0.1 ≤ η ≤ 1 the SA model is essentially more exact than the TR model. For 0.0001 ≤ η ≤ 0.001 the 2D models are unacceptable.
The errors of the 2D models decrease simultaneously with the thickness parameter µ. This follows from the comparison of columns 3 and 6, and also of columns 4 and 7. (Fig. 1) . In the previous sections the boundary conditions at the plate edges were either not imposed or a plate was assumed to be infinite in the tangential directions. Now the following variant of boundary conditions will be accepted:
Consider a rectangular multi-layer plate with
(the so-called Navier conditions) and Fig. 1 . A plate.
The functions
satisfy the boundary conditions (32). The boundary layer does not appear, because v = ∂u 2 /∂x 1 − ∂u 1 /∂x 2 ≡ 0 (see Eqs. (5)).
Eq. (30) for the deflection is delivered for a doubly periodic external force
. To use Eq. (30) for a constant force F 3 in the rectangle 0 ≤ x 1 ≤ a 1 , 0 ≤ x 2 ≤ a 2 we expand it in a double Fourier series
and apply Eq. (30) to the each summand of (35). In this case
and so the full deflection is
where D and A 1 are given in (25) and (28), respectively. The similar expression is valid for the deflection of the opposite face plane w(x 1 , x 2 , h). In this case, the constant A 1 in Eq. (37) needs to be replaced by
The deflection of the line x 2 = a 2 /2, z = 0 and the maximum deflection at z = 0 are, respectively,
All the series in (37) and (38) converge rapidly, the summands with C 11 are much larger than the remaining summands (see Table 4 ).
As an example, we consider a multi-layer square plate with n = 11 and with the same data as in Section 4. We assume in addition that a 1 = a 2 = 20, and so µ = µ 11 = 0.2221. For various values of η = E 2 /E 1 , the first coefficients C 2k+1,2j+1 , B 2k+1 , and A 0 are given in Table  2 . The amplitude of deflection is proportional to A 0 ; it essentially depends on the ratio η (see Table 2 ), but the deflection mode depends slightly on η and is close to the function sin(πx 1 /a 1 ) (see Fig. 2 ). Consider a multilayer plate with the alternating hard and soft layers. Let the entire number of layers be n = 2n 0 + 1 with n 0 + 1 layers and n 0 soft layers. We set
where h h and h s are the summary thicknesses of the hard and of the soft layers, respectively. Assume that the values h h , h s , also the elastic moduli of hard and of soft layers, and the thickness parameter µ are given. We seek the distribution of the layer thicknesses h k satisfying Eqs. (39), for which the plate bending stiffness is maximum. As the bending stiffness we accept the inverse value the maximum deflection f (h 1 , h 2 , . . . , h n ) = w(0) SA (see Eq. (30)). In most cases a three-layer plate with
has the maximum stiffness. But if the ratio η of elastic moduli is very small, then the other distribution of thicknesses may lead to the maximum stiffness. Here we investigate this problem in details for the fixed values µ = 0.3776, ν 1 = ν 2 = 0.3, for two changing parameters η and s = h h /h, and for n ≤ 11 (without loss of generality we may take E 1 = 1 and h = 1). The small parameter µ = 0.3776 corresponds, in partial, to a rectangular plate with a 1 = 10, a 2 = 15.
To find the thickness distribution corresponding to the maximum stiffness for the fixed values η and s, we seek the minimum of function
To find h 0 k that delivers the minimum to the function f (h k ) we use the Monte Carlo method in combination with the method of iterations [18] . Thanks to Eqs. (39) the point h k moves in the space R n−2 . Let h
k be some point. We next seek the next point h
as follows. We put h * k = max{0, h 
Otherwise, we repeat the previous step with different random numbers ξ k .
As the initial distribution we take h
6 = (1 − s), assuming that the rest of h (1) k is 0. Calculations show that it is enough to make 10 6 steps. The curve tn Fig. 3 divides the plane (s, η) of the problem parameters into two parts; in one of which the three-layer plate has maximum stiffness.
Consider in more detail the case s = 1/3, µ = 0.3776 with various values of the parameter η. For η > η * = 0.0122 the three-layered plate (40) has maximal bending stiffness. In Table 3 for various η the minimal deflection, W o , as found by the algorithm described above, is compared with the deflection, W u , of a plate with the uniform thickness distribution (see Section 4) and with the deflection, W 3 , of the three-layered plate (40). For η > η * the three-layered plate is optimal, W 3 = W o . For η < 0.006 the stiffness of a plate with uniform thickness distribution is larger than the stiffness of a three-layer plate, W u < W 3 . In Table 4 the optimal distribution of thicknesses for s = 1/3, µ = 0.3776, and for four values of η is presented. The thicknesses of soft layers are shown in italic. For η = 0.01 the distribution is symmetric with respect to the mid-plane. With smaller η the distribution is not symmetric. The resulting asymmetry can be accounted for by the fact that the value W o is the deflection of the plane z = 0 to which the external force is applied. At η = 0.001 the optimal plate degenerates to a three-layer plate with very dissimilar distribution of layers. Table 4 : Distribution of thicknesses of the optimal plate with s = 1/3, µ = 0.3776.
The similar results also hold for a rectangular plate with the Navier boundary conditions, because the first summand in the expression for w(x 1 , a 2 /2, 0) in Eq. (38) is much larger than the rest summands.
The results of Section 6 are approximate, since they are based on the approximate equation (30). The error in Eq. (30) is estimated in Section 4 (see Table 1 ). The exact results may be obtained by numerical solution of Eqs. (9) . But for the large number of iterations this approach takes a long time, though the result is almost the same.
• A two-dimensional linear model of second-order accuracy (SA) is used for analysis of a thin multi-layer plate bending.
• The formula for an infinite plate deflection subject to a doubly periodic external force is obtained. This formula is applied to a rectangular multi-layer plate with alternating hard and soft layers and with the Navier boundary conditions.
• The plate deflection depends on the distribution of thicknesses of hard and soft layers.
• The problem of the optimal distribution, which gives the maximum bending stiffness, is attacked using the Monte Carlo method.
• For a very small ratio η of the elastic moduli the three-layer plate with the soft layer lying between two hard layers was found not to be optimal. In this case, the plate with the maximum bending stiffness is the multi-layered one with the number of layers n > 3.
• The plate with n = 11 layers is examined.
